In the traditional economic order quantity (EOQ) model, it is assumed that the demand rate is constant. Thereafter, many researchers developed inventory model with time-varying demand to reflect sales in different phases of product life cycle in the market. However, in practice, especially for fashionable and high-tech product, the demand rate during the growth stages of its life cycle increases significantly with linear or exponential in the growth stage and then gradually stabilizes, and remains near constant in the maturity stage. It can be taken a ramp-type demand rate into account. Furthermore, in today's supply chain, a supplier usually offers a permissible delay in payment to retailers to encourage them to buy more products, and a retailer in turn provides a downstream trade-credit period to its customers. Therefore, this paper focus on 1) ramp-type demand rate and 2) the upstream and downstream trade credit financing linked to order quantity for retailer is considered. The objective is to find the optimal replenishment cycle and order quantity to keep the total relevant cost per unit time as minimum as possible. The study shows that in each case discussed, the optimal solution not only exists but also is unique. Numerical examples are provided to illustrate the proposed model. Finally, some relevant managerial insights based on the results are characterized.
Inventory Models with Permissible Delay in Payment
The traditional inventory economic order quantity (EOQ) model assumes that a buyer must pay for items immediately after receiving them. However, to stimulate sales quantity a supplier often offers a retailer a permissible delay in payment. Thus, to offer a certain fixed credit period for his/her retailer is an alternative incentive policy to quantity discount. In early research work, Goyal [10] developed an EOQ model under conditions of permissible delay in payments, and ignored the difference between the selling price and the purchase cost. Shah [11] considered a stochastic inventory model when delays in payments are permissible. Aggarwal and Jaggi [12] extended Goyal's model to consider the deteriorating items. Jamal et al. [13] further generalized Aggarwal and Jaggi's model to allow for shortages. Teng [14] amended Goyal's model by considering the difference between unit price and unit cost, and found that it makes economic sense for a well-established buyer to order less quantity and take the benefits of the permissible delay more frequently. Skouri et al. [15] proposed an inventory model with ramp type demand rate under permissible delay in payment. Teng et al. [16] established an economic order quantity model with trade credit financing for non-decreasing demand. Similarly, there are also many related articles published in such field with different practical consideration.
Inventory Models with Trade Credit Linked to Order Quantity
Sometimes, to encourage more sales, supplier offer retailers a trade credit period with conditional permission, if a retailer orders more than a predetermined quantity. Chang et al. [27] developed an EOQ model for deteriorating items under supplier credits linked to ordering quantity. Chung and Liao [28] provided lot-sizing decisions under trade credit depending on the ordering quantity. Ouyang et al. [29] proposed an economic order quantity for deteriorating items with partially permissible delay in payments linked to order quantity. Kreng and Tan [30] proposed an inventory model under two levels of trade credit depending on the order quantity. Teng et al. [31] provided an inventory model for increasing demand under two levels of trade credit linked to order quantity, Recently, Sash and Cardenas-Barrón [32] provided an inventory model which is a retailer's decision for ordering and credit policies with deteriorating items when a supplier offers order-linked credit or cash discount. Ting [33] provided some comments on the EOQ model for deteriorating items with conditional trade credit linked to order quantity. Similarly, other related research articles can be found in their references.
In contrast to the above papers mentioned, this paper is extended in the following two ways: 1) a constant demand (or increasing demand) is extended to a ramp-type demand function, in which the demand increases linearly and then stays constant at the end, and 2) the supplier provides its retailer with a permissible delay link to order quantity while the retailer also offers a downstream trade credit period to its customers. We establish several fundamental theoretical results and obtain its optimal solution. We then provide several numerical examples to illustrate the proposed model and present some important and relevant managerial insights.
The rest of the paper is structured as follows. Section2 introduces the notation and assumption needed to develop the proposed inventory model. Section 3 formulates the model. Section 4 discusses some theoretical results and provides an algorithm to find the optimal solutions. Section 5 provides numerical examples to illustrate the proposed model. Section 6 concludes the results and presents some managerial insights. Further, provides some future research directions.
Notation and Assumptions
The mathematical model of the inventory problem here is based on the follow- 
Notation
The following notation is used throughout this paper.
D(t) = the demand rate at time t, we here assume that D(t) is deterministic at a constant rate after a period of time µ , at initial the demand rate is increasing. i.e., 
Assumptions
Next, the following assumptions are made to establish the mathematical inventory model. 1) Replenishment rate is instantaneous.
2) Shortages are not allowed to occur.
3) In today's global competition, many retailers have no pricing power. As a result, the selling price is hardly changed for many retailers. In addition, to avoid lasting price competition, we may assume without loss of generality that the selling price is constant in today's global competition and low inflation environment.
4) The objective here is to minimize the total relevant cost per unit of time until the demand is no longer increasing. 
Mathematical Formulation
Based on the above assumptions, the inventory system here is as follows. At the beginning (i.e., at time t = 0), the retailer orders and receives Q units of a single product from the supplier. The inventory level is depleted gradually in the interval [0, T] due to increasing demand from customers. At time t = T, the inventory level reaches zero. Hence, the inventory level at time t, I(t), can be described by the following differential equation:
with the boundary condition ( ) 0
2 , 0
Thus, the retailer's order quantity per cycle is
From Equation (3), we can obtain the time interval d T by using the following equations:
Next, based on whether the order quantity larger than the predetermined quantity or not, we have the following two cases: 1)
In this case, the retailer's order quantity is less than d Q . Hence, the permissible delay in payment is not allowed (i.e., M = 0). Meanwhile, the retailer offers a permissible delay of N to its buyers. Consequently, the retailer must fiancé all items ordered at time 0, and start to payoff the loan after time N. For details, please see Figure 1 . Thus, the interest paid by the retailer is as follows. There are two cases to be discussed.
Hence, the retailer's total relevant cost per unit time is 
In this case, based on the supplier's trade credit M, and the last customer's payment time T + N, we discuss the following three cases:
The Case of 0 M N < <
Since 0 M N < < , there is no interest earned for the retailer. In addition, the retailer has to finance all items ordered after time M at an interest charged p I per dollar per year, and start to pay off the loan after time N as shown in Figure 2 .
Consequently, the interest charged is given by ( ) Hence, the retailer's total relevant cost per unit time is 
On the other hand, the retailer starts selling products at time 0, and receiving the money at time N. Consequently, the retailer accumulates sales revenue in an account that earns e I per dollar per year starting from N through M as shown in Figure 3 . Therefore, the interest earned is given by ( )
As a result, the retailer's total relevant cost per unit time is , if 0 2 The interest earned by the retailer is 
Hence, the retailer's total relevant cost per unit time is ( ) ( 
Theoretical Results
To minimize the total relevant cost, taking the first and second order derivatives 
Summarizing the results in Corollary 1 and 2, we propose the following algorithm to find the optimal solution.
Algorithm
Step 0. Input parameter values.
Step 0.1. By (4), calculate d T
Step 0. Otherwise, go to Step 4.
Step Step 2. TC T = ∞ .
Step 3. Set Step Step 5. TC T = ∞ .
Step 6. Set 
Numerical Examples
In this section, we provide two numerical examples to illustrate several distinct 88.36124 TC T = , ( ) 12 12
TC T = ∞ , 
88.71856 TC T = , ( ) 21 21 
84.79927 TC T = , ( ) 22 22 31 31 81.06808 TC T = , ( ) 32 32 c) The larger the difference of M N − , (i.e., the shorter downstream trade credit period, and the longer upstream trade credit period), the less the retailer's total relevant cost is. That is, it's more profitable for the retailer. 
Open Journal of Business and Management In summary, the longer the upstream trade credit period M, the less the predetermined order quantity d Q , and the less the constant rate of a period time µ , will cause the less the retailer's total relevant cost. However, the larger the downstream trade credit period N, will cause the larger the retailer's total relevant cost.
Conclusions
In this study, we develop an inventory model in a supply chain with ramp-type demand and trade credit financing linked to order quantity. The supplier offers a permissible delay linked to order quantity, while the retailer also provides a downstream trade credit period to its customers. We have obtained some theoretical results to characterize the optimal solutions and presented several numerical examples to illustrate the proposed models. The results reveal that 1)
will cause more retailer's total relevant cost than other cases, since there is no upstream trade credit period allowed, the retailer need to pay more interest than earned. 2) Q , N increases, while decreases as M increases. Thus, if upstream trade credit period is longer, then the retailer's total relevant cost will be less, it's more benefit for the retailer.
The model can be extended in several ways, for example, we may consider the item with a constant deterioration rate. Also, we can extend the model to allow for shortages and partial backlogging. Finally, we could add the pricing, advertising and quality strategies into consideration. 
